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Background

What is joint modelling?

* The joint estimation of distinct regression models which, traditionally, we would
have estimated separately

* One or more longitudinal (mixed effects) models

* each for a repeatedly measured clinical marker, e.g. systolic blood pressure

* A survival or time-to-event (proportional hazards) model

* for the time to an event, e.g. time-to-death, time-to-stroke
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Background

Why use joint modelling?

* We want to know whether the longitudinal marker is associated with the risk of the event
* e.g. how is time-varying SBP associated with the risk of death?

* can actually consider association between the event risk and any aspect of the longitudinal
trajectory (e.g. slope)

* can allow for measurement error in the marker

* can allow for discrete-time measurement of the marker

* And possibly other reasons...

* e.g. dynamic predictions, separating out “direct” and “indirect” effects of treatment, adjusting
for informative dropout
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Joint model specification

Longitudinal submodel

vk (t) is the value at time t of the

k™ longitudinal marker (k = 1, ..., K)

for the i ! individual (i = 1, ..., N)
T; is “true” event time, C; is the censoring time
Ti* = min(Tl-, Cl) and di = I(Tl < Cl)

y;r (t) follows a distribution in the exponential family with expected value u;; (t) and

Nk (t) = gk(#ik(t)) = X (OPk + i (Db

Event submodel
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vk (t) is the value at time t of the

k™ longitudinal marker (k = 1, ..., K)
Association structures for the i tindividual (i = 1, ..., N)
T; is “true” event time, C; is the censoring time
Ti* = min(Tl-, Cl) and di = I(Tl < Cl)

Longitudinal submodel

y;x (t) follows a distribution in the exponential family with expected value u;;, (t) and

Nk (t) = gk(#ik(t)) = X (OPk + i (Db

_bil_
: — bi NN(O,Z)

_biK_
Event submodel

K Qg
hi(6) = ho(t) exp | WiOY + ) ) il fug (O, i (), B, big)
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Association structures

freqMix (), tie (), B, bire) =7

Nk () __» Value of the linear predictor at time t
Hik (£) —— Expected value of the marker at time ¢
d'u;k (&) —— Rate of change in the marker (i.e. slope) at time t
t

t
J Ui (s) ds ~—— Areaunder the marker trajectory (e.g. cumulative dose) up to time t
0
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Joint model likelihood

Likelihood function:
Nik

p(Yi1, -, Yik, Ti, di| by, 0) = j l_[ p(Vir(tiji)|bi, 0y, ) | p(T;, d;i|b;, 07) p(b;|6p) db;

k=1 j=1

 ~

J \ J \ J
| | |

kth longitudinal event random effects
submodel submodel model

* Assumes conditional independence, that is, conditional on b; the distinct longitudinal
and event processes are independent

* requires we specify the model correctly, including the “association structure”

 Time-dependence in the event likelihood poses an additional computational burden
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Bayesian joint models via Stan

Stan

C++ library
for
full Bayesian
inference

(MCMC)

RStan

» R interface
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for
Stan

RStanArm

» R package

for
Bayesian Applied
Regression
Modelling

RStanJM

R package

for
Bayesian Joint
Modelling




Bayesian joint models via Stan

Currently separate packages, but soon to be merged

Stan RStan RStanArm RStanJM
C++ library » R interface » R package R package
for for for for
full Bayesian Stan Bayesian Applied Bayesian Joint
inference Regression Modelling

(MCMC) Modelling
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Bayesian joint models via Stan

Development version currently available as a stand-alone package ‘rstanjm’

e https://github.com/sambrilleman/rstanjm

Association structures

* current value or slope (of linear predictor or mean)
» shared random effects (optionally including fixed effect component)

Variety of prior distributions

* Regression coefficients: normal, student t, Cauchy, and horseshoe (shrinkage) priors
* Novel decomposition of covariance matrix for the random effects

Variety of link functions and error distributions

* Incl. normal, binomial, Poisson, negative binomial, gamma

Baseline hazard

* Weibull, piecewise constant, or B-splines approximation
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https://github.com/sambrilleman/rstanjm

Example
e Data: Mayo Clinic’s primary biliary cirrhosis (“PBC”) data

* Longitudinal submodels:

* Qutcomes: log serum bilirubin, albumin
* Linear mixed model w/ random intercept and random linear slope

e Event submodel

* Time-fixed covariate: gender
» Association structure: current value and slope (bilirubin), current value (albumin)

 Weibull baseline hazard

% Mr%gé?tyH ViCB:ostat



= fitl «<- stan Jwiforrulalong = listc| Multiwvariate joint model specified

+ logEili ~ wyear + (year | id) .,

+ albumin ~ wyear + [(year | id))., FPlease note the warmup phase may be much slower than later iterations!
+ formulaEvent = Survi(futimeYears, death) -~ sex, —>

TF datalong = phclong, dataEvent = phol3ury, SAMPLING FOR MODEL ' jm' NOW [(CHAIN 1).

+ Lime wvar = "year®,

+ aszoc = listic(fetavalue’, Metazlope™), Tetavalue'™)) Chain 1, Iteration: 1 1000 0%] [WMarmup)

Chain 1, Iteration: 250

1

1 1000 25%] [ Warrnap)
Chain 1, Iteration: 00

1

1

[
[
1000 [ 50%] [Warmap)
Chain 1, Iteration: 501 1000 [
Chain 1, Iteration: 7E&0 1000 [7E%] [Zampling)
Chain 1, Iteration: 1000 / 1000 [100%] [Samp ling)

Elapzed Time: 9921.052 seconds [(Warm-up)

S0%] [Zampling)

Tl Tl T Tl e

Q928,379 seconds [(Jampling)
1919.44 =zecond=s [(Total)
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= fitl «<- stan Jwiforrulalong = listc|

+ logEili ~ wyear + (year | id) .,

+ albumin ~ wyear + [(year | id)).,

+ formulaEwvent = Surwv(futimeYears, death)
+ datalong = phclong, dataEvent = phol3ury,
+ Lime wvar = "year®,

+ aszoc = list(ci(etavalue™™, "etazlope™),

> printifitcl)

~ zex,

fetavalue™) )

SH:oH: H: H: He o R s H: He e H: cRE R e H: cH: o cH: R cHE CH: H: H: e He R R R H: He e H: cHe

stan jm(formilalong = list(logEili ~ year + (year | id),
vear + [(vear | id)), datalong = phelLong, formulaEvent
death] ~ sex, dataEvent = pbolurvy, time var = "year®”,
fetaslope™), Tetawvalue™), refresh = 250)

Longitudinal submodel 1: logBili

Median HMAD 5D

[Intercept) O0.500 0.057

TEar 0o.zo01 0.014

Sigma o.347 0.006

Longitudinal submodel 2: albumin

Median MAD 3D

[Intercept) J.544 0.0zZ2

vear -0.112  0.007

Signa O.320 0.006

Evwent submodel:

Median MAD 3D exp(Median)

[ Intercept) 4,621 1.196 101.615

sext -0.565 o.z40 o.5a7

Longl:eta-value 0.793 0.151 Z2.210

Longl:eta-=lope Z2.114 0.839 S.281

LongZ :eta—wvalue -2.710 0.319 o.0a7?

weikbull-shape 0.215 0.110 ML

Group-lewvel random effecta:

Groups MName Ftd.Dew. Corr
id Longl] (Intercept) 0.9937%
Longl| vear 0.19362 0.45
LongZ| (Intercept) 0.357Z6 -0.55 -0.38
Longs2 | year o.o0703z  -0.53 -0.83 0.27
M. lewvels: id 31

albumin -~

= Surv [(futimeYear

az30C

listic(™e



= fitl «<- stan Jwiforrulalong = listc|

+ logEili ~ wyear + (year | id) .,

+ albumin ~ wyear + [(year | id)).,

+ formulaEwvent = Surwv(futimeYears,

+ datalong = phclong, dataEvent

+ Lime wvar = "year®,

+ aszoc = list(ci(etavalue™™, "etazlope™),

> printifitcl)

fetavalue™) )

stan jm(formilalong = list(logEili ~ year + (year | id),
vear + [(vear | id)), datalong = phelLong, formulaEvent
death] ~ sex, dataEvent = pbolurvy, time var = "year®”,

fetaslope™), Tetawvalue™), refresh = 250)

Longitudinal submodel 1: logBili
Median HMAD 5D

[Intercept) O0.500 0.057

TEar 0o.zo01 0.014

Sigma o.347 0.006

Longitudinal submodel 2: albumin
Median HMADL 3D

[Intercept) J.544 0.0zZ2

vear -0.112  0.007

Sigma 0.320 0O.0068

Event submodel:
Median MAD 3D exp(Median)

[ Intercept) 4,621 1.196 101.615
sext -0.565 o.z40 o.5a7
Longl:eta-value 0.793 0.151 Z2.210
Longl:eta-=lope Z2.114 0.839 S.281
LongZ :eta—wvalue -2.710 0.319 o.0a7?
weikbull-shape 0.215 0.110 ML

e oH: H: H: H: R R HY H: He e H: cHE R e H: cH: e R R CH: H: H: e He H: R R PH: He e H: CHe

Group-lewvel random effecta:
Groups MName Ftd.Dew. Corr
id Longl] (Intercept) 0.9937%
Longl| vear 0.19362 0.45
LongZ| (Intercept) 0.357Z6 -0.55 -0.38
Long?Z | year o.07032  -0.53 -0.833

Humn., lewvelz: id 312

o.

27

albumin -~

= Surv [(futimeYear
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= fitl «<- stan Jwiforrulalong = listc|

+ logEili ~ wyear + (year | id) .,

+ albumin ~ wyear + [(year | id)).,

+ formulaEwvent = Surwv(futimeYears, death)
+ datalong = phclong, dataEvent = phol3ury,
+ Lime wvar = "year®,

+ aszoc = list(ci(etavalue™™, "etazlope™),

> printifitcl)

~ zex,

fetavalue™) )

# stan jm(formilalong = list(logEili ~ year + (year | id),
# vear + [(vear | id)), datalong = phelLong, formulaEvent
# death] ~ sex, dataEvent = pbolurvy, time var = "year®”,
# fetaslope™), Tetawvalue™), refresh = 250)

#

# Longitudinal submodel 1: logBili

# Median MAD 3D

# (Intercept] 0.500 0O.057

# wear 0.201 0.014

# sigmwa 0.347 0.006

#

# Longitudinal submodel Z: allbumwin

# Median HMADL 3D

# [(Intercept) 3.544 0.02Z

# vear -0.112 0.007

# =igma 0.320 0O.0068

#

# Event submodel:

# Median MAD 3D exp(Median)

# [(Intercept) 4,621 1.198 101.618

# sext -0.565 o.z40 o.5a7

# Longl:eta—wvalue 0.793 0.151 Z2.210

# Longl:eta—slope Z2.114 0.839 S.281

# LongZ:eta—-waluse -2.710 0.319 o.0a7?

# weibull-shape 0.215 0.110 ML

-

# Group-lewel random effects:

# Groups Name Std.Dev. Corr

# id Longl] (Intercept) 0.9937%

# Longl | year 0.19362 .45

# LongZ | (Intercept) 0.35726 -0.55 -0.38

# Longs2 | year o.07032 -0.53 -0.83 0.27
# Num., levels: id 312

albumin -~

= Surv [(futimeYear

az30C
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L A U L T

fitl «<- stan Jm(formulalong = list|
logEili ~ wyear + (year | id) .,

albumin ~ wyear + [(year | id)).,
formulaEvent = Survi(futimeYears, death) -~ sex,
datalong = phclong, dataEvent = phol3ury,
time war = "year", D_::l
aszoc = listic(fetavalue’, Metazlope™), Tetavalue'™)) E?
w
!
=
o
. . o
print (£itl) I
o
()
=
g .
. . . . 1] ] 10 14 0 o 10 15
ppl <- posterior predict(fitl, m = 1, interpolate = TRUE, extrapolate = TRUE] TWﬂE(yEEﬂ
bp2 <- posterior predict(fitl, m = Z, interpolate = TRUE, extrapolate = TRUE]
pp3 <- posterior surviit (fitl) = 7 q
viplot <- plotippl, ids = 7:8, wvline = TRUE, plot chserved = TRUE) = . |, . . ;
yiplot  <- plot(ppZ, ids = 7:8, wline = TRUE, plot observed = TRUE) —> 5 . ! 40 !
survplot <- plotipp3, ids = 7:38) = 4.07 : 35 .
1 . 1
plot stack(list(ylplot, w¥iplot], survplot] ﬁ : |
5 357 * 3.0 '
= [ ] 1 1
] 1
L 32 : 2.5 .
o : :
E ] ] 1 ] } ] 1 ]
| 1] a 10 14 1] a 10 14
Time [year)
T a
£ 1.00- ———— | 1.001 :
o |
o 0757 ' 0751
o !
= 1
o 0504 : 0.80 1
[nk] 1
= !
£ 0.251 ! 0.251
[nk] 1
4 oo i , 0.001_ ,
1] ] 10 14 1] ]

Time [year)
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L A U L T
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fitl «<- stan Jm(formulalong =

albumin ~ wvear +

list |
logBEili ~ wyear +

lyear | id],

lyear | id]],

formulaEvent = Survi(futimeYears, death) -~ sex,
datalong = phclong, dataEvent = phol3ury,
Lime wvar = "year®,
agsoc = listic("etavalue™, "etaslope™), Tetavalue™))
print (£itl)
ppl <- posterior predict(fitl, m = 1, interpolate = TRUE, extrapolate =
bp2 <- posterior predict(fitl, m = Z, interpolate = TRUE, extrapolate =
pp3 <- posterior surviit (fitl)
viplot <- plotippl, ids = 7:5, wline = TRUE, plot obserwved = TRUE]
vaplot <- plot(pp2, ids = 7:5, wline = TRUE, plot ohserved = TRUE]
survplot <- plotipp3, ids = 7:38)
plot stack(list(ylplot, w¥iplot], survplot]
fitl <- stan jm(formulalonyg = listi|
logEili ~ wyear + i(vear | id).,
albumin ~ year + (vyvear | id)),
formulaEwvent = Surv(futime¥Vears, death) -~ =ex,
datalong = phelong, dataEwvent = phcolurwv,
time wvar = "year”,
asggoc = list(c("etavalue™, "etaslope™), "etavalue"),

TRUE)
TRUE)

priorLong =
priorEvent =
priorissoc =

basze haz = "ha",

student tidf = 5],
student t(df =
hz(])

=N

<4— Can easily change priors or baseline hazard
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